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Ab-initio Quantum Monte Carlo (QMC) calculations of nuclei from deuterium to 40Ca, obtained
using four different phenomenological and local chiral nuclear potentials, are analyzed using the
Generalized Contact Formalism (GCF). We extract spin- and isospin-dependent “nuclear contact
terms” for each interaction in both coordinate and momentum space. The extracted contact terms,
that count the number of short-range correlated (SRC) pairs with different quantum numbers, are
dependent on the nuclear interaction model used in the QMC calculation. However, the ratios of
contact terms for a nucleus A to deuterium (for spin-1 pn pairs) or to 4He (for all NN pairs) are
independent of the nuclear interaction model and are the same for both short-distance and high-
momentum pairs. This implies that the relative abundance of short-range pairs in the nucleus is
a long-range (mean-field) quantity that is insensitive to the short-distance nature of the nuclear
force. Measurements of exclusive (e, e′NN) pair breakup processes are instead more sensitive to
short-range dynamics.
A full theoretical description of the nuclear many-body
wave function is an outstanding challenge. While mean-
field approximations, such as the nuclear shell model,
well describe many bulk properties of nuclei, they fail
to capture the direct effects of two- and many-body cor-
relations. Specifically, effective nuclear models struggle
to describe the short-distance and high-momentum com-
ponents of the nuclear many-body wave function.
Experimental and theoretical studies have shown that
this part of the wave function is dominated by short-
range correlations (SRCs): pairs of nucleons with large
relative and individual momenta and smaller center-of-
mass (c.m.) momenta, where large is measured rel-
ative to the typical nuclear Fermi momentum kF ≈
250MeV/c [1, 2]. At momenta just above kF (300 ≤
k ≤ 600MeV/c), SRCs are dominated by pn pairs [3–
10]. This pn dominance is due to the tensor part of
the nucleon-nucleon (NN) interaction [11–13]. SRCs in
nuclei, and their specific characteristics, have implica-
tions for the internal structure of nucleons bound in nu-
clei [1, 14–17], neutrinoless double beta decay matrix el-
ements [18–24], nuclear charge radii [25], and the nuclear
symmetry energy and neutron star properties [26–28].
As nucleons in SRC pairs have significant spatial over-
lap and are far off their mass-shell, their theoretical de-
scription poses a significant challenge. Ab-initio many-
body calculations using different models of the two-
and three-nucleon (3N) interaction produce nuclear wave
functions that differ significantly at high-momenta and at
short-distances [29–31] (see Fig. 1 and online Supplemen-
tary Materials). This is generally referred to as “scale and
scheme dependence”, where “scheme” refers to the type of
interaction (e.g., phenomenological or derived from Chi-
ral Effective Field Theory, χEFT), and “scale” refers to
the regulation cut-off inherent to EFT models. This de-
pendence raises important questions about the model de-
pendence of the interpretation of SRC measurements and
of their implications for other phenomena.
We study the scale and scheme dependence of SRCs
using the Generalized Contact Formalism (GCF) [32–
34] to analyze ab-initio Quantum Monte Carlo (QMC)
calculations [30, 35] of two-nucleon densities in nuclei
from A = 2 to 40 [29–31, 36–41]. The calculations are
carried out using four different NN+3N interactions.
Two interactions are the phenomenological Argonne V18
(AV18) [42] + Urbana X (UX) [29, 43] and its reduction
AV4’ [44] + UIXc [40] which does not include a tensor
operator. The other two are local χEFT interactions
at next-to-next-to-leading order (N2LO) with regulation
scales (coordinate-space cutoffs) of 1.0 and 1.2 fm [39, 45–
47].
Here, using a common factorized framework to com-
pare calculations employing these interactions, we learn
which properties of SRCs are scale and scheme indepen-
dent, and which are sensitive to the details of the nuclear
interaction at short distance. We further explore the con-
nection between nucleon pairs at small separation and
at high relative momentum to obtain a consistent un-
derstanding of the nuclear many-body wave function at
short distance and high momentum.
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2GENERALIZED CONTACT FORMALISM AND
QUANTUM MONTE CARLO CALCULATIONS
The GCF is an effective model that provides a fac-
torized approximation for the short-distance (small-r)
and high-momentum (large-k) components of the nuclear
many-body wave function. Its derivation is rooted in the
scale separation between the strong relative interaction of
nucleons in SRC pairs and their weaker interaction with
the residual A− 2 nuclear system [32, 33, 48]. Using this
scale separation, the two-nucleon density in either coordi-
nate or momentum space (i.e., the probability of finding
two nucleons with separation r or relative momentum q)
can be expressed at small separation or high momentum
as [33]:
ρNN,αA (r) = C
NN,α
A × |ϕαNN (r)|2,
nNN,αA (q) = C
NN,α
A × |ϕαNN (q)|2, (1)
where A denotes the nucleus, NN denotes the nucleon
pair being considered (pn, pp, nn), and α stands for the
nucleon-pair quantum state (spin 0 or 1). CNN,αA are
nucleus-dependent scaling coefficients, referred to as “nu-
clear contact terms”, and ϕαNN are universal two-body
wave functions that are given by the zero-energy solution
of the two-body Schrödinger equation for the NN pair
in the state α. ϕαNN are universal in the sense that they
are nucleus independent, but they do strongly depend on
the NN interaction model, see Fig. 1.
While the normalizations of two-nucleon densities are
well defined by the total number of nucleons in the
nucleus, the individual normalizations of CNN,αA and
|ϕαNN |2 are not. We therefore choose to normalize
|ϕαNN (q)|2 such that its integral above 1.3 fm−1(≈ kF)
equals unity [33]. ϕαNN (r) is the Fourier transform of
ϕαNN (q). Thus, the normalization of one function auto-
matically defines the normalization of the other.
We note that an important feature of the GCF is the
equivalence between short distance and high momentum.
This is built into Eq. (1) by the use of the same contact
terms CNN,αA for both densities.
Previous studies of the GCF [33] showed the valid-
ity of Eq. (1) using QMC calculations of ρNN,αA (r) and
nNN,αA (q) for A = 2 to 40 using the AV18+UX interac-
tion. More recently, the authors of Refs. [40, 49] ana-
lyzed QMC calculations of ρNNA (r) using the same four
interactions studied here (although without separating
them into different spin-isospin channels), and showed
the first evidence for scale-and-scheme independence of
ρNNA (r)/ρ
NN
d (r) ratios for short distances.
Here we extend these previous studies using new QMC
calculations of two-nucleon distributions in both coor-
dinate and momentum space, projected into different
spin-isospin channels, for different nuclei and using differ-
ent NN+3N potentials (AV18+UX, AV4’+UIXc, N2LO
(1.0 fm) and N2LO (1.2 fm)), see Table I.
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Figure 1: Universal two-body functions |ϕαNN |2 for spin-1 pn
(top) and spin-0 pp (bottom) pairs calculated in both coor-
dinate (left) and momentum (right) space for four different
NN potentials. See text for details.
The phenomenological AV18 [42] and AV4’ [44] poten-
tials are “hard interactions”, with a significant probabil-
ity for nucleons to have high momentum (k > 3 fm−1,
see Fig. 1). Their derivation is similar with AV4’ be-
ing a reprojection of AV18 onto the first four channels
that does not include the tensor interaction. Both po-
tentials are supported by 3N forces (UX [43] and the
central component of UIX, UIXc [35], respectively), that
provide a good description of all nuclei considered in this
work [30, 35, 37].
The N2LO interactions are fundamentally different, as
they are based on a chiral perturbation expansion up
to third order with local coordinate-space regulators at
distances of 1.0 and 1.2 fm [39, 45–47]. These regula-
Table I: QMC-calculated two-nucleon distributions for differ-
ent nuclei and NN+3N potentials. Checkmarks indicate cal-
culations used in the current study. All calculations are avail-
able for both coordinate and momentum space, except for
16O and 40Ca with AV18 (labeled with an asterisk below), for
which the UIX potential is used and results are only available
in coordinate space [37]. Calculations with the N2LO (1.2 fm)
potential for heavier systems are not considered in this work
due to the large regulator artifacts found for A ≥ 12 (see
Ref. [39]).
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Figure 2: QMC calculations of two-nucleon coordinate-space distributions for pn (left) and pp (right) pairs calculated using
different NN+3N potentials for different nuclei (colored lines) compared with the two-body universal function |ϕαNN (r)|2 (solid
black lines, pn spin-1 on the left, pp spin-0 on the right). For each interaction, QMC results are scaled to have the same value
at ∼ 1 fm and show the same short-distance behavior for all nuclei. The difference between NN distributions in the same
nucleus obtained using different interactions, as shown by the four panels, indicates the scale and scheme dependence of the
many-body calculations. See text for details.
tors make them much softer, i.e., their single-nucleon
momentum distributions have much less high-momentum
strength (k > 3 fm−1, see Fig. 1) as compared to AV18
and AV4’.
The different potentials are used to construct the fully
correlated many-body wave functions used in Variational
Monte Carlo (VMC) calculations. These wave func-
tions are then propagated in imaginary-time via Diffu-
sion Monte Carlo (DMC) techniques in order to access
the true ground state of the system for a given inter-
action model. Quantities, such as two-nucleon distribu-
tions, are in general extrapolated from both VMC and
DMC results. However, momentum-space calculations
are currently available only at the VMC level [29–31, 39].
Therefore, for consistency between two-nucleon distribu-
tions in coordinate and momentum space, we only use
results for ρNNA (r) obtained from VMC calculations. At
short distance, these densities are almost identical to the
DMC and extrapolated results. We therefore use these
small differences as a measure of the QMC systematic
uncertainty. See online Supplementary Materials.
TWO-BODY FACTORIZATION AT
SHORT-DISTANCE & HIGH-MOMENTUM
We first study the validity of Eq. (1) for describing the
two-nucleon distributions calculated using each NN+3N
potential. Fig. 2 shows the spatial density ρNN,αA (r) for
pn and pp pairs for all four interactions and different
nuclei, together with the two-body universal functions
(see Supplementary Materials for nn distributions).
While QMC results for each interaction exhibit a spe-
cific short-distance behavior, this behavior is the same
for all nuclei, and it is consistent with that of the two-
body universal functions. This validates the factorization
of Eq. (1). The scale factors used to make QMC results
of different nuclei agree up to ∼ 1 fm correspond to the
CNN,αA coefficients. We also note that excluding 3N forces
in the QMC calculation does not impact significantly the
observed scaling at short-distance.
The equivalent study of two-nucleon momentum dis-
tributions is more delicate. SRC pairs have high relative
momentum, smaller c.m. momentum, and small separa-
tion. They dominate the nucleon momentum distribu-
tion starting at ∼ kF [1, 2]. The presently calculated
two-nucleon relative momentum distributions however,
include contributions from all possible pairs of nucle-
ons, not just short-distance pairs. This includes uncor-
related nucleon pairs, with both high relative and high
c.m. momenta. To exclude these, one must consider scal-
ing at much higher relative momenta, where the effect of
such uncorrelated pairs is suppressed, see discussion in
Ref. [33] and online Supplementary Materials for details.
Since the two-nucleon momentum distributions
nNN,αA (q) decay exponentially, Fig. 3 shows the ratio
nNN,αA (q)/|ϕαNN (q)|2, scaled to a value of one at high
momenta (4.5 fm−1 in the case of phenomenological po-
tentials, and 3.5 fm−1 in the case of chiral interactions).
The N2LO 1.0 fm and 1.2 fm distributions are only
shown up to 4.4 and 3.8 fm−1 respectively, above which
cutoff effects become very large. Here again, the scale
factors used to make the ratio for all nuclei equal one at
high-momentum correspond to the CNN,αA coefficients.
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Figure 3: Same as Fig. 2 but for the two-nucleon momentum-space distribution ratios, nNN,αA (q)/|ϕαNN (q)|2, for pn (left) and
pp (right) pairs, calculated using different NN+3N potentials for different nuclei. See text for details.
As expected from Eq. (1), the ratios shown in Fig. 3
scale, i.e., are constant at high-momenta. For pn pairs
the scaling is clear and starts at 3.5 − 4 fm−1 for phe-
nomenological potentials, and at 2 − 2.5 fm−1 for chiral
interactions. For pp pairs the scaling is less pronounced
but still visible, starting at slightly higher momenta than
the equivalent pn scaling. As expected, the scaling onset
for two-nucleon momentum distributions is higher than
kF due to contributions from uncorrelated pairs [33]. The
scaling of the N2LO calculations starts earlier due to
their softer universal functions which suppress the high-
momenta uncorrelated pairs (online Supplementary Ma-
terials for details).
SCALE & SCHEME INDEPENDENCE OF
CONTACT RATIOS
The GCF factorization (Eq. 1) includes the scale and
scheme dependent two-body universal function ϕαNN and
the nuclear contact CNN,αA . The latter encapsulates the
many-body dynamics driving the formation of SRCs and
needs to be seperated from the two-body part in or-
der to study its scale and scheme dependence. To this
end, we examine the ratio of two-nucleon distributions
in nucleus A relative to a reference nucleus A0, i.e.,
ρNN,αA (r)/ρ
NN,α
A0
(r) and nNN,αA (q)/n
NN,α
A0
(q). According
to Eq. (1), in the scaling region of small-r or large-q
such ratios should be independent of r or q and equal
CNN,αA /C
NN,α
A0
. These ratios allow a study of the A-
dependence of the contact terms, independent from the
universal functions [50].
Fig. 4 shows the extracted contact term ratios
Cpn,s=1A /C
pn,s=1
d and C
NN,α
A /C
NN,α
4He for all available nu-
clei and interactions. These ratios were extracted inde-
pendently for both coordinate and momentum space by
fitting the two-nucleon density ratios at short-distance
or high-momentum respectively, following Ref. [33]. The
uncertainty shown includes contributions from the sensi-
tivity of the extracted contacts to the fit range, and from
the difference between the extraction using VMC, DMC,
and extrapolated ρNN,αA (r) results. We conservatively
fixed the latter uncertainty at 10% (1σ), and applied it
to all extracted contacts. For N2LO potentials, the dif-
ference in contacts extracted by using different models of
3N forces (namely, Eτ and E1, see Ref. [39]) was also
included in the uncertainty estimate. See online Supple-
mentary Materials for details.
As can be seen, all contact ratios for a given nucleus,
including the highly asymmetric 3H and 3He nuclei, are
consistent within uncertainties, i.e., are largely scale and
scheme independent. They are also the same for both
short-distance and high-momentum pairs.
This observation has several implications. The fact
that models with very different short-range physics, in-
cluding the tensor-less AV4’, all lead to the same contact-
term ratios implies that such ratios are insensitive to the
nature of the NN+3N interaction.
Conversely, this insensitivity can be exploited in order
to estimate properties of heavier nuclei. Calculations of
the contact-term ratio CNN,αA /C
NN,α
A0
(where A0 = d or
4He) can be made using “soft” interactions that are more
amenable to computation. This ratio may then be mul-
tiplied by CNN,αA0 for d or
4He calculated using a harder
interaction to effectively obtain CNN,αA for any nucleus
for that hard interaction.
On the experimental side, measurements of inclusive
(e, e′) scattering cross-section ratios at large momentum
transfers and high-xB for a nucleus A relative to deu-
terium, a2(A/d), are traditionally interpreted as indicat-
ing the relative abundance of SRC pairs in nucleus A rela-
tive to deuterium [51–54]. Comparisons of such measure-
ments in a range of symmetric and asymmetric nuclei are
claimed to be sensitive to the NN+3N interaction [55].
5Ref. [35] showed that the relative abundance of short-
distance NN pairs in nucleus A relative to deuterium
(i.e., ρA(r)/ρd(r) for r → 0, where ρA(r) includes all
NN pairs) is insensitive to the nuclear interaction, and
is numerically consistent with the experimental values
of a2(A/d) for all nuclei considered. This raised doubts
about the sensitivity of a2(A/d) measurements to the
NN+3N interaction. However, the assumed connection
between the a2(A/d) data analyzed in momentum space
and the calculated pair-distance distributions needed to
be justified.
We bolster and extend these observations by showing
that the calculated contact ratios are independent of the
NN+3N interaction in both coordinate and momentum
space and for each pair quantum state separately. This is
consistent with previous calculations that found the rela-
tive abundance of SRC pairs to be a mean-field property
of the nuclear medium, with only their specific proper-
ties (isospin structure, relative momentum distribution,
etc.) being determined by the short distance part of the
NN interaction [56–60]. Thus our results raise even more
doubts about the connection between the a2(A/d) mea-
surements and the NN+3N interaction.
An alternate method for probing SRCs is by measuring
exclusive two-nucleon knockout reactions A(e, e′NN) [1,
3–10]. Fig. 5 shows the ratio of pp to pn pairs in 4He, as
a function of the pair relative momenta, extracted from
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Figure 5: Ratio of pp-to-pn back-to-back pairs in 4He
as a function of pair relative momentum q, nppA (q,Q =
0)/npnA (q,Q = 0), for different NN+3N potentials, compared
with the experimental extractions of Ref. [7] using (e, e′pp)
and (e, e′pn) data. See text for details.
(e, e′pp) and (e, e′pn) data [7]. The data are compared
with two-nucleon distribution ratios npp4He(q)/n
pn
4He(q) cal-
culated at zero c.m. pair momentum (Q = 0) using differ-
ent interaction models. Requiring low or zero c.m. mo-
mentum (back-to-back pairs) reduces contributions from
uncorrelated pairs [33], allowing to meaningfully compare
SRC calculations and measurements. The pp to pn ratio
calculated with the AV4’+UIXc interaction is inconsis-
tent with the other calculations and with the experimen-
tal data, due to its lack of a tensor force. Thus, exclusive
observables can be sensitive to short-distance properties
of the nuclear interaction.
Lastly, Refs. [61, 62] claimed there exists a difference
between the scaling of SRC pairs with small separation
and high relative momenta, and that of pairs with small
separation but any relative momenta. The fact that both
coordinate- and momentum-space contacts exhibit the
same scaling shows that these speculations are inconsis-
tent with QMC wave functions [63].
ABSOLUTE CONTACTS
Having observed that the ratio of contact terms for
heavier to light nuclei is both scale and scheme inde-
pendent, and is the same for both small-separation and
high-momentum pairs, we now examine the individual
contacts.
Fig. 6 (top panel) shows the contacts extracted by fit-
ting Eq. (1) to the individual two-nucleon QMC densi-
ties for different nuclei in either coordinate or momentum
space. In contrast to the contact ratios, here the univer-
sal functions do not cancel, so we fixed the normalization
of |ϕαNN (q)|2 so that its integral above 1.3 fm−1(≈ kF)
equals one. This defines the normalization of |ϕαNN (r)|2
via a Fourier transform, leaving CNN,αA as the only free
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tios of coordinate-space to momentum-space contact terms
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are no pp pairs in this nucleus. See text for details.
fit parameter (see online Supplementary Materials for de-
tails).
As can be seen, the extracted contacts are scale and
scheme independent (i.e., the same) for all interactions
in all channels, except for the AV4’+UIXc spin-1 pn con-
tacts and N2LO spin-0 pp r-space contacts (for both 1.0
and 1.2 fm cutoffs). We expected that the AV4’+UIXc
spin-1 pn contacts would be smaller than the AV18+UX
and N2LO contacts because AV4’ lacks a tensor interac-
tion. The reason for the behavior of the N2LO r-space
spin-0 pp contacts is less well understood.
To further explore this, Fig. 6 (bottom panel) shows
the ratio of the r- to k-space contacts for each nucleus,
channel, and interaction. The r- and k-space contacts
are consistent with each other for all cases, except for
the N2LO spin-0 pp channel. This discrepancy is not ex-
pected in the GCF and will be the focus of future studies.
Since the contact ratios of nucleus A to 4He are the
same in r- and k-space for all channels and interactions,
including N2LO pp pairs, the many-body nuclear dynam-
ics of the contact terms are the same for both coordinate
and momentum space. Therefore, the N2LO pp issue is
possibly due to its (scale and scheme dependent) two-
body universal functions which have a non-trivial relation
between short-distance and high-momentum pairs. This
might be further studied using Wigner distributions that
can provide insight to r-k correlations in the two-body
system [64].
SUMMARY AND CONCLUSIONS
The scale and scheme dependence of SRCs was studied
via a GCF analysis of ab-initio QMC calculations of dif-
ferent nuclei using various two- and three-body interac-
tion models. QMC-calculated two-nucleon distributions
exhibit significant scale and scheme dependence at small
separation and/or high momentum, as expected from the
GCF factorization to a two-body universal function times
a contact term.
The extracted absolute contacts are the same for both
short-distance and high-momentum pairs for all interac-
tions except for N2LO in the pp channel. In the latter
case, differences are probably due to the relation between
the two-body universal functions in r- and k-space rather
than the different many-body dynamics of the contacts,
which are both scale and scheme independent and show
full r- and k-space equivalence.
The extracted many-body ratios of contact coefficients
for all nuclei relative to d or 4He are scale and scheme in-
dependent and are also the same for both short-distance
and high-momentum pairs. Thus, the formation of short-
range pairs in the nucleus, which determines their abun-
dances, is a long-range (mean-field) phenomena. Mea-
surements of pair abundances relative to light nuclei are
therefore insensitive to short-distance physics. However,
short distance physics can be studied using exclusive two-
nucleon knockout measurements.
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